The existence of classical solutions to the stationary quantum Navier-Stokes equations in one space dimension is studied. The main idea of the proof is to reformulate the quantum Navier-Stokes equations as the viscous quantum Euler system. The existence of classical solutions to the stationary viscous quantum Euler system is shown by using an exponential variable transformation and the Leray-Schauder fixed-point theorem. As a consequence, the existence of classical solutions to the stationary quantum Navier-Stokes equations can be deduced. © 2011 Elsevier Masson SAS. All rights reserved.
Introduction and main results
Recently, there has been growing interest in the quantum Navier-Stokes equations [1] [2] [3] [4] [5] [6] [7] . The model consists of the mass conservation equation and a momentum balance equation, including a nonlinear third-order differential operator, with the quantum Bohm potential, and a density-dependent viscosity, it reads as [1] : n t + div(nu) = 0, (1.1) (nu) t + div(nu ⊗ u) + ∇p(n) − 2ε 2 n∇ √ n √ n − nf = 2ν div nD(u) , (1.2) where the particle density n and the particle velocity u are unknown variables, the scaled Planck constant ε > 0 and the viscosity constant ν > 0 are physical parameters, the function p(n) = n γ with γ 1 is the pressure, f describes the external forces, D(u) = 1 2 (∇u + ∇u T ) is the symmetric part of the velocity gradient. The one-dimensional model of (1.1)-(1.2) with the case ε = ν > 0 has been treated in [2] . In multidimensional case, the global existence of weak solutions to (1.1)-(1.2) with periodic boundary conditions has been obtained in [1, 3, 4] . Very recently, the full compressible quantum Navier-Stokes equations which include the energy equation have been derived, moreover, the energy and entropy dissipations have been computed [5] . We can see the reviews of the quantum Navier-Stokes equations in [6, 7] and the results for the Navier-Stokes equations (1.1)-(1.2) with ε = 0 in [8] [9] [10] [11] [12] [13] .
The main idea of [1] is to transform the quantum Navier-Stokes equations (1.1)-(1.2) by means of the so-called effective velocity w = u + ν∇ log n to the viscous quantum Euler equations:
where ε 2 0 = ε 2 − ν 2 . Then, by using the Faedo-Galerkin method and weak compactness techniques, the global existence of weak solutions to (1.3)-(1.4) with ε 0 > 0 is shown, from which one deduces the existence of solutions to (1.1)-(1.2) with ε > ν. Later, the author and Jiang extend the results of [1] to the case ε = ν and ε < ν, respectively [3, 4] .
In this paper we will investigate the one-dimensional stationary quantum Navier-Stokes equations with the following boundary conditions:
Let w = u + ν(log n) x , according to [1] , the problem (1.5)-(1.8) is equivalent to the problem of stationary viscous quantum Euler system:
We remark the boundary condition (1.12) at the end of this paper. Our main results are stated as follows:
Theorem 1.1 (Existence for the stationary viscous quantum Euler model). Let p(n)
where
.
(1.14)
Then there exists a classical solution
(n, w) ∈ H 4 (0, 1) × H 3 (0, 1) to (1.9)-(1.12) such that n(x) e −M > 0 for x ∈ (0, 1).
Corollary 1.1 (Existence for the stationary viscous quantum Navier-Stokes equations). Under the assumptions of Theorem 1.1, there exists a classical solution
(n, u) ∈ H 4 (0, 1) × H 3 (0, 1) to (1.5)-(1.8) such that n(x) e −M > 0 for x ∈ (0, 1).
Proof of the results
We first reformulate the system (1.9)-(1.10) as an elliptic fourth-order equation. In fact, integrating (1.9) and using the boundary conditions (1.11) we obtain:
and therefore, we can reformulate Eq. (1.10) formally as
where we have used ε 2 0 = ε 2 − ν 2 . When we divide (2.1) by n and differentiate with respect to x, this equation is formally equivalent to
Introducing the new variable n = e m and observing that gives n > 0 in (0, 1), Eq. (2.2) and the boundary conditions (1.11)-(1.12) hold. Then (2.1) can be deduced from (2.2) after integration and multiplication by n. Finally, setting ε 2 0 = ε 2 − ν 2 and performing conversely to the process at the beginning of Section 2, we can get (1.9)-(1.10). We solve the problem (2.4)-(2.6) in the following.
As usual, we call m ∈ H 2 0 (0, 1) a weak solution of (2. where we have used p(n) = n γ , γ 1. We consider the following truncated problem: We estimate the right-hand side of (2.10) term by term. 
ε 2 ) > 0 due to (1.13), from the Poincaré-Sobolev estimate, we obtain:
where M is defined in (1.14). This proves the lemma. 2
In the following we use the Leray-Schauder fixed-point theorem to prove the existence of a solution to the problem (2.7).
Lemma 2.2. Under the assumptions of Lemma 2.1, there exists a solution
Proof. We consider the following linear problem for given l ∈ H 1 0 (0, 1) with test functions ψ ∈ H 2 0 (0, 1): M and n = e m , we have n ∈ H 4 (0, 1) and n(x) e −M > 0 for x ∈ (0, 1). The equivalence of the problem (1.9)-(1.12) and (2.4)-(2.6) provides the existence of a classical solution (n, w) to (1.9)-(1.12) by Theorem 2.1. The regularity of w ∈ H 3 (0, 1) follows from (1.9) and n ∈ H 4 (0, 1). This proves Theorem 1.1. 2 Remark 2.1. From the proof of this paper, we can see that we don't need to assume ε > ν, this is different from [1] .
Remark 2.2. The boundary condition (1.12) can also be written as (2.12) due to the boundary condition n(0) = 1, n x (0) = 0 of (1.11). (2.12) can be interpreted as a Robin boundary condition for the Bohm potential
